Considering the effect of variable viscosity and the phenomenon of flow separation, the MHD Cu/Ag-Water nanofluids through a permeable wedge are investigated. The governing equations of flow and energy are reduced by similarity transformations and then solved numerically by the shooting method. It is found that dual solutions exist for negative pressure gradient. Compared with the Ag-Water nanofluid, the flow separation occurs later for injection, while it occurs earlier for suction in the Cu-Water nanofluid. The outcomes also specify that suction and small variable viscosity parameters delay the separation for the two nanofluids.
Introduction
Because of the low thermal conductivity, there is a limit to the heat transfer performance of the classical heat transfer fluids such as water, ethylene glycol, and engine oil. The thermal conductivity of metals, however, is extremely higher compared with the conventional heat transfer fluids. A nanofluid, which was first proposed by Choi and Eastman [] , is a fluid that is created by the distribution of solid particles with dimensions less than  nm in base fluid. Choi noticed that the addition of one percent of nanoparticles by volume to the usual fluids increases the thermal conductivity of the fluid up to approximately twice. Comprehensive literature on the applications of nanofluids can be found in papers [-] . Magnetic nanofluid is a magnetic colloidal suspension of carrier liquid and magnetic nanoparticles. The advantage of the magnetic nanofluid is that fluid flow and heat transfer can be controlled by an external source, which makes it applicable to modern metallurgical and metal-working processes such as electronic packing, thermal engineering, and aerospace. Therefore many researchers have been contributing to the study of magneto-hydrodynamic (MHD) nanofluid flow [-] .
On the other hand, the study of the flow field in a boundary adjacent to the wedge, an essential part in the area of fluid dynamics and heat transfer, is very important in many thermal engineering applications like geothermal systems, crude oil extraction, thermal insulation heat exchangers, the storage of nuclear waste, etc. Falkner and Skan [] were the first to analyze the steady laminar flow over a wedge, and they proposed a well-known Falkner-Skan equation to describe the flow over a wedge, which has provided many fruitful sources of information about the behavior of incompressible boundary layers. Since then, many researchers have devoted themselves to investigating the same problem and gained lots of valuable results, see [-] . In the past decade, Su and Zheng [] analyzed the Hall effect on MHD flow and heat transfer of nanofluids over a stretching wedge in the presence of velocity slip and Joule heating. Srinivasacharya et al. [] investigated the steady laminar magnetohydrodynamic (MHD) flow, heat and mass transfer characteristics in a nanofluid over a wedge in the presence of a variable magnetic field. Khan et al.
[] presented the locally similar solutions for the unsteady two-dimensional Falkner-Skan flow of MHD Carreau nanofluid past a static/moving wedge in the presence of convective boundary condition. They found that an increment in the pressure gradient parameter depreciates the heat and mass transfer rate both for shear thinning and shear thickening fluids.
All the above-mentioned literature about MHD nanofluids flowing past a wedge only considered the accelerating or constant flow case, with positive or constant pressure gradient. In both cases, there exists no separation point in the velocity profile. However, many early researchers [-] pointed out that for the decelerating flow case, with negative pressure gradient, two solutions occurred in the well-known Falkner-Skan equation. Hence separation may happen in the decelerating flow. As the results pointed out in the reference [], the occurrence of flow separation has several undesirable effects, and it leads to an increase in the drag on a body immersed in the flow. In order to reduce the drag force, injection on the boundary layer flow has been introduced and proved to be an effective way [] .
Motivated by the above research, this paper aims to explore the flow and heat transfer of MHD nanofluid past a permeable wedge with suction or injection, considering the occurrence of flow separation and variable viscosity. The physical properties of the nanofluids may change significantly with temperature [-]. To more accurately depict the flow behavior and heat transfer, it is necessary to take the variation of viscosity with temperature into account. By means of similarity reductions, the nonlinear equations are solved numerically by the shooting method. Besides, the effects of the governing parameters on the separation point, dimensionless velocity, temperature, skin friction coefficient, and local Nusselt number are graphically presented and discussed in detail.
Formulation
We consider a steady two-dimensional laminar flow and heat transfer of viscous incompressible MHD Cu/Ag-Water nanofluids past a permeable wedge with temperaturedependent viscosity. The coordinate system is selected in such a way that the x-axis is aligned with the flow on the surface of the wedge and the y-axis is taken normal to it, as shown in Figure  the temperature on the wedge surface is a constant T w and the ambient temperature is T ∞ . V w is the velocity of suction (V w < ) or injection (V w > ). Further, the magnetic Reynolds number is assumed to be small so that the induced magnetic field can be neglected in comparison with the applied magnetic field. The base fluid water and the nanoparticles are also assumed to be in thermal equilibrium, and there is no slippage between them. With the above assumptions, using Boussinesq and boundary layer approximations, the governing equations for the continuity, momentum, and energy can be expressed as follows:
with the boundary conditions
Here (u, v) are the velocity components along the x and y directions, respectively, T is the temperature, and σ is the electrical conductivity. The effective dynamic viscosity μ nf , the effective density ρ nf , the thermal diffusivity α n , and the heat capacity (ρC p ) nf of the nanofluids are defined as in [, ]
where φ is the solid volume fraction of nanoparticles. The thermal conductivity of nanofluids restricted to spherical nanoparticles is approximated by the Maxwell-Garnett (MG)
in which the subscripts nf , f , and s represent the thermophysical properties of the nanofluid, base fluid, and nano solid particles, respectively. Note that the viscosity of base fluid μ f is not constant, but vary as a function of temperature given by the following [, ]:
where a = γ /μ ∞ and T r = T ∞ -γ - , μ ∞ , a constant, is the cold free stream viscosity, a and T r are constants related to the reference state, and γ is a thermal property of the fluid. For nanofluids, a > . To solve Eqs. (), (), and () subjected to the boundary conditions () and (), we introduce the stream function ψ(x, y) (u = ∂ψ/∂y, v = -∂ψ/∂x) and the similarity variables as
where
prime denotes differentiation with respect to η, υ ∞ is the cold free stream kinematic viscosity, the magnetic field parameter
and the variable viscosity parameter
According to the definition of θ r , we obtain
Since the viscosity of liquids decreases with increasing temperature, θ r is negative for nanofluids. When θ r → -∞, μ f → μ ∞ , i.e., the viscosity variation in the boundary layer is negligible.
The boundary conditions () and () can be converted into
where 
where τ w is the wall shear stress on the surface and q w is the surface heat flux. Using the similarity transformation (), we obtain
where Re x = U e x/υ ∞ is the local Reynolds number. So, f () represents the skin friction coefficient C f and -θ () represents the local Nusselt number Nu x .
Results and discussion
Numerical solutions to the nonlinear ordinary differential Eqs. . The results were found in good agreement (see Table  ). In the present work, MHD mixed convection flow and heat transfer past a permeable wedge immersed in nanofluids with variable viscosity are conducted. Two different nanoparticles, namely, copper (Cu) and silver (Ag), with water as the base fluid are considered in this study. The Prandtl number of the base fluid was kept at constant as P r = .. The thermophysical properties of water and Cu/Ag nanoparticles are given in Table  . observed that for the first solution, an increase in m leads to an increase in the flow velocity profiles near the surface of the wedge. Most importantly, the boundary layer thickness becomes thinner with an increase in m, which means that a higher velocity gradient occurs at the surface. In addition, for accelerated flows with positive pressure gradient (m > ), no point of inflection occurs in the velocity profiles. For decelerated flows with negative pressure gradient (m < ), however, we obtain velocity profile with a point of inflection. The second solution profiles prove the existence of dual solutions for decelerated flows. Furthermore, both the magnitude of the reverse flow (second solution) velocity and the boundary layer thickness increase with a decrease in the adverse pressure gradient parameter (-m). From Figure  we can also see that the velocity of Cu-Water is lower than Ag-Water for every single m in the first solution. But a cross point is found in the second solution, which means that the velocity of Cu-Water is larger than that of Ag-Water for small dimensionless η, but it is just opposite for larger η. From Figure  we can find that the influence of pressure gradient parameter m on the temperature profiles is much less than that on velocity profiles for the two nanofluids. Also, the temperature of CuWater nanofluid is slightly lower than that of Ag-Water nanofluid for each fixed m. It is worth noting that dual solutions also exist in the temperature profiles for decelerated flows (m < ). Figure  tells us that for a fixed φ, the velocity profile is larger, while the temperature profile is lower for θ r = - than that for θ r = -∞. This can be physically explained that the temperature difference of the permeable wedge and the ambient nanofluid within the boundary layer decreases as the value of -θ r increases. Thus the nanofluid viscosity increases, which results in declining of the velocity profile and thickening of the boundary layer thickness. a larger skin friction coefficient but a slightly lower rate of heat transfer coefficient than that of Ag-Water nanofluid for deep injection (f w < -.), while the opposite is true for suction (f w > ). Note that the effect of m on the rate of heat transfer coefficient is much less than that on the skin friction coefficient and almost vanishes when f w = -..
Conclusions
The boundary layer flow of Cu-Water and Ag-Water nanofluids passing through a permeable wedge with variable viscosity under the effects of MHD was investigated numerically in present study. Unlike other papers involving a similar problem, this paper takes flow separation into account and compares the effects of several important parameters on two different nanofluids, namely, Cu-Water nanofluid and Ag-Water nanofluid. The main observations of this study are summarized below:
• Dual solutions exist for negative pressure gradient (m < ) for the two nanofluids.
• Suction and small variable viscosity parameter delay the flow separation for the two nanofluids.
• Compared with the Ag-Water nanofluid, the flow separation occurs later for injection, while it occurs earlier for suction in the Cu-Water nanofluid.
• Suction enhances heat transfer and skin friction, while the effect of injection is just the opposite for the two nanofluids.
